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WHAT IS BOHMIAN MECHANICS?
Bohmian mechanics is a possible extension of quantum mechanics 
which is capable to explain quantum phenomenas (in particular the 
most controversial ones) with a definite ontology. 

Two possible “formulations” are available: 

‣ First-order formulation (minimalist): The equation of motion are 1-th 
order ODE in time. It is the minimal extension that allow a Bohmian 
mechanics. (De-Broglie, Durr,…) 

‣ Second-order formulation (causal): The equation of motion are 2-th order 
ODE in time. It provides a cause (via quantum potential) for the “origin of 
quantum phenomena” (Bohm, Hyley,…)

i.e. what the theory 
says about the world



POSTULATES OF BOHMIAN MECHANICS (MININALIST)
1) Any N-particle quantum system is described by a couple              where 

2)               evolves with the N-particle Schrodinger equation 

3)               defines an 3N-dimensional vector field  

4)                                                  is the probability that the random vector       is in 

( ,X)

X = (X1, · · · ,XN )
Positions of the N particles (Random 
Variables)

Is a normalisable complex 
function on the 
configurations space
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WHAT IS THE BOHMIAN ONTOLOGY?
i) An N-particle quantum system is made of N point-like objects called particles 
plus a wave,     , which must be considered as a REAL ENTITY. 

ii) Particles posses ONLY one feature: its position, represented by      ,  the 
random vector.      

iii) Positions of the particles evolves in time according to the equations 

      

The wave generates the velocity field, which determine the particle trajectory 
(i.e. the wave pilot the particle). 

iv) The quantum randomness is due to the fact that we don’t know where the 
particles are at the initial time.

X

(
x(t) = x(0) +

R t
0 v (x(s), s)ds

x(0) = X

 

A.k.a. Bohmian 
Flow



EQUIVARIANCE ( I )
We know that                             ,but what about         ? 

In ordinary quantum mechanics, the probabilistic interpretation is possible 
because the square norm of the wave function is time independent (i.e. we can 
always normalise it), and this fact implies the continuity equation 

This is just a consequence of the Schrodinger equation.  

Clearly this holds also in Bohmian mechanics. Observing that 

the continuity equation can be written in a more familiar form (thanks to the 
Bohmian definition of velocity field)
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EQUIVARIANCE ( II )
The wave function play two roles: 

i) Induces a probability measure at any time (via its square modulus): 

ii) Induces a flow in the configuration space (via the vector field      ): 

When a continuity equation like the one seen before is satisfied, the diagram 

is commutative. This implies that                                 , or we can also say that         is 
equivariant. 

(See “On the Uniqueness of Quantum equilibrium in BM - S. Goldstein, W. Struyve")
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EFFECTIVE WAVE FUNCTION (I)
Bohmian mechanics has a definite ontology, hence it has no measurement 
problem. We can study how it solve this problem (at the level of the wave). 

Def: The support of      is the set on which      is non zero. 

Def: The bohmian support of      ,              , is the set on which         is 
“appropriately small” (FAPP). 

Consider a 2-particle quantum system (system + apparatus),                           , and 
assume that before the measurement                                  . 

Then assume also that the system is in a superposition                             . 

After the Schrodinger time evolution (after the measurement) we have 

where                  correspond to different position of the apparatus’ pointer.
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EFFECTIVE WAVE FUNCTION (II)

Because                are assumed to correspond to different position of the pointer, 
we need to assume that                                                       , i.e. they have disjoint 
bohmian support (otherwise they are FAPP indistinguishable!). 

Then, we can write 
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EFFECTIVE WAVE FUNCTION (III)
After the measurement, we know that the apparatus have                       and this 
implies that FAPP                       . In fact we can write 

Since                                                                                                             . 

Thus EFFECTIVELY the velocity field of our system is given by                only. This 
is called EFFECTIVE WAVE FUNCTION and correspond with the wave function 
collapse in ordinary quantum mechanics. 

Note that in Bohmian mechanics, the collapse is NOT a physical phenomena. 
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AND…OPERATORS? (I)
…as in ordinary quantum mechanics once you understand the role of the 
projectors, i.e. using the spectral theorem. 

In Bohmian mechanics only the position is physical: should be considered as 
“book-keeping” for the pointer position of the apparatus.  

The Schrodinger evolution has this effect on the total wave function 

and we know that                                        . This, together with the usual 
assumptions on the support of the pointer wave functions, lead to the 
conclusion that                                     . Hence, given              we can always 
construct the associated orthogonal projectors                     (i.e. a PVM). Then, to 
each family of projectors, the spectral theorem ensures that to a PVM, a self 
adjoint operator can always be associated, i.e.                               .
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AND…OPERATORS? (II)
Operators in Bohmian mechanics are considered simply as an useful way to 
encode all the information we need to compute the statistics of the pointer (due 
to         ) in a compact way. 

As usual (consequence of the orthogonality of               ) 

Because the pointer of the apparatus is used in an experiment, we can also say 
that operators in bohmian mechanics are associated to experiments (not to 
physical quantities of the particles). 

Everything can be generalised to generic PVM and POVM.
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ON THE TRAJECTORIES (I)
Trajectories, are the key ingredients of bohmian mechanics. Can we use them to 
compute probabilities? If the particles follow them, the really reproduce the       
probability distribution? 

Of course YES! To see it just use the quantum flux, apply the divergence 
theorem and use the continuity equation.

The quantum flux is just                                              , so the 
number of trajectories which cross a surface A are given 
by 

And so after an infinte amount of time we get the usual
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ON THE TRAJECTORIES (II)

Fine, but…can we observe them? NO!! 

Why? Suppose we can perform an experiment to measure the velocity field, 
hence there exist a POVM for this experiment. In general, any statistical quantity 
can be computed from it “by a bracketing” with the wave function. Let us label 
this object with                    . In general,                     is a sesquilinear form and so, 
the following inequality hold 

Now, take        and         real and             . Then the RHS is 0 while the LHS is not. 

Hence such a POVM cannot exist, otherwise we get a contradiction!  

This implies that we can never observe the velocity field, and so we can never 
observe the trajectories!
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DOUBLE-SLIT EXPERIMENT (I)
Here one of the most famous picture from Bohmian mechanics: the trajectory 
for the double slit experiment.

Nice…but apparently, it seem that we may have both “particle and wave 
knowledge”! How can it be?

Slit 1

Slit 2

Note the symmetry: 

If the particle 
passes through the 
first slit is in the 
upper part, if it 
passes through the 
second is in the low 
part.



DOUBLE-SLIT EXPERIMENT (II)
I can give you two solutions:

1) Think what happens before the 
experiment. The source is not 
point like and you don’t know 
from which point the particle 
start. 

Hence you have different 
symmetry axes (blue, red, purple 
lines), so you never know from 
which slit the particle passes 
through.

Support of 
the initial 
wave function Symmetry axes 

for different 
initial positions

2) Wave and particle knowledge defined in usual quantum mechanics are 
always referred to the wave function. So the usual results holds also in 
bohmian mechanics but things must be reinterpreted.

…but 
maybe 
too 
naive…



RECOVERING CLASSICAL TRAJECTORIES (I)
We have a (bohmian) trajectory…when it become a classical trajectory? 

Yes, but according to bohmian mechanics, we have to postulate a suitable 
rescaling. In particular, the position rescale as 

where      is a small parameter. Note that                                   . In order to preserve 
the probabilistic interpretation, the wave function must rescale as 

(consequence of the condition                                          ). Let us  write the rescaled 
wave function as fourier transform
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RECOVERING CLASSICAL TRAJECTORIES (II)

We are interested in the             regime, and so the stationary phase 
approximation can be applied. The stationary point for the phase is 

and so expanding the phase around       we have 

Now, using the stationary phase approximation and taking the limit, we get 

where the substitution                                         was used to perform the integral.
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RECOVERING CLASSICAL TRAJECTORIES (III)
For             we have the macroscopic limit. Hence one can say that the 
”macroscopic wave function” is 

The quantities computed from the macroscopic wave function, should 
corresponds with the ordinary macroscopic notions. In particular, the velocity 
field is 

When we evaluate it on the trajectory, it tell us that a (free) particle, in the long 
run (since             means               ), the particles moves along straight lines (as we 
should expect)! 

This proves that in the long run, for a free particle, bohmian trajectories 
becomes classical.
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AND…THE MOMENTUM OPERATOR?
The macroscopic wave function allow us also to recover the momentum 
operator in quantum mechanics. Since                                                            we can 
see that  

where                    is the asymptotic velocity (i.e. for large   ). As seen before we 
can construct an operator, to measure this quantity. Using the Dirac notation, we 
can set                        ,                         and                       as usual. Then, consider 

where                                   which is the ordinary momentum operator.
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BOHM IS STILL 
WATCHING YOU!



EVERYTHING LOOKS PERFECT SO…WHY NOT DO NOT CRITICISE SOMETHING?

At least 2. 

1) Central is the notion of trajectory and the whole ontology (and so the 
reconstruction based on this picture of the world) is based on that. They are 
defined as the ratio between the probability current and the probability density 

This is the velocity of the particle (when evaluated on the trajectory) according 
to bohmians. Let us apply this prescription everywhere…to a diffusion process 
for example. Consider the SDE 

Then from the general theory of stochastic process we know that the probability 
density for      is the solution of the Kolmogorov equations (forward if we want 
to predict the future), i.e. Fokker-Plank equation.

v (x, t) :=
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EVERYTHING LOOKS PERFECT SO…WHY NOT DO NOT CRITICISE SOMETHING?

In this case, the KFE is 

Now, we can rewrite it in the form of a continuity equation 

where the current is                                                                             . Now we apply the 
bohmians prescription for the velocity field 

and so we get a “bohmian-like” continuity equation (and this should ensure also 
equivariance, in this case the probability functional is the identity map…). 
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EVERYTHING LOOKS PERFECT SO…DO NOT CRITICISE SOMETHING?
Now, forget about the equation for the trajectory…if we take the bohmian 
prescription seriously, we are lead to the following equation of the trajectory 

which doesn’t seem really the diffusion from which we started. But, following 
the bohmian prescriptions, because we have a continuity equation the statistical 
prediction are the same! 

The prescription and the interpretation seem to be work always, for any random 
phenomena with a continuity equation… 

…so I wonder: does such a trajectories really make sense? 

2) The momentum operator in bohmian mechanics appears as a macroscopic 
quantity. But it is also used in the Schrodinger equation to make evolve ANY 
wave function (not only the macroscopic ones). Is it reasonable?

Xt = X0 +

Z t

0
v⇢(x(s), s)ds



“[…] Keep in mind that Copenhagen doesn't make different predictions, many worlds is about as close to what 
the math says and Copenhagen merely asserts that one branch somehow magically survives when the others 
somehow somewhen magically disappear, but that's a non-prediction because it is untestable. Bohmian 
mechanics has the same branching as many worlds (because it also uses the Schrödinger equation and the 
Schrödinger equation branches for interactions of device and subject) but it asserts that one position in 
configuration space was always special and so as the branch separates, at most one branch becomes special. 
But the specialness of a branch changes nothing about the predictions. So like Copenhagen, its additional stuff 
is also merely a non prediction. Every interpretation is like that.”
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